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Introduction 



The description provided by Hamiltonian dynamics applies to many iields of 
physics; due to its rich geometrical structure, it is also very convenient and 
indeed widely used whenever possible. 

Hamiltonian formahsm is based on symplectic structures; a special but rel- 
evant class of symplectic manifolds is provided by Kahler manifolds. Actually, 
in any symplectic manifold M we can give locally (and globally if M is con- 
tractible, e.g. M — R^") a complex structure associated to the symplectic one 
and, by the introduction of a suitable metric, a Kahler structure. 

In relatively recent years, mathematicians on the one hand, and (theoretical 
and mathematical) physicists on the other, have become interested in a special 
kind of Kahler structures, i.e. hyperkahler ones These are Kahler with 
respect to three different complex structure, having such relations among them 
so that, roughly speaking, they can be seen as the complex structures associated 
to the three independent imaginary units of the quaternions field. 

A riemannian manifold (necessarily of dimension 4?i) equipped with a hy- 
perkahler structure is called a hyperkahler manijold. These turn out to be very 
interesting from the point of view of Geometry pO| |3l| , and also relevant 
in the description of (non-abelian) monopoles ||^, p|^|2^; they also bear a close 
connection, which we will not discuss here, with twistors [^, |30| , |3^ and thus in 
particular to interesting classes of integrable systems [T^, ^8[. It has also been 
realized that hyperkahler (and quaternionic-kahler [^) manifolds are relevant 
in supersymmetry and supergravity theories and related to sigma-models, see 
e.g. ^ Canonical examples of hyperkahler manifolds are quaternion 
linear spaces H" « R''" and cotangent bundles of (special) Kahler manifolds 
[ p^ |3^ ; a specially fruitful method of constructing nontrivial hyperkahler man- 
ifolds is through a generalization of Marsden-Weinstein momentum map p7| . 
For an overview of recent results in quaternionic and hyperkahler geometry (not 
needed in the present work), the reader is referred to po| . 

It is obvious that a hyperkahler structure can be described in symplectic 
terms; we speak thcn of a hypersymplectic structure. It is remarkable, and 
came much to our surprise, that it is possible to provide a generalization of 
Hamilton mechanics based on such a hypersymplectic structure, which we do 
here. What is more relevant is that this hyperhamiltonian dynamics retains 
most of the appealing features of standard hamiltonian mcchanics, as we show 
in the present note. 

Our initial motivation was provided by integrable systems. We will consider 
a special class of these, i.e. guaternionic oscillators (see sect. 7), which we 
expect to be the paradigm of a nontrivial integrable hyperhamiltonian system. 

Limiting to consider systems with compact energy manifolds, a 2r7i-dimen- 
sional hamiltonian integrable system can be described by means of suitable real 
(action-angie) coordinates (/q, tpa), or more compactly complex coordinates Za = 
/aexp[i(/9a] so that its evolution is described by m constant complex rotations, 

ia(t) = iuJaZ{t). 



2 



In slightly diSPerent (but equivalent) terms, we can use coordinates {Ia,ga) 
where & G = U{1); here of course g^ = ex.p[i(pa] so that we are just describing 
action angle coordinates in group-theoretical terms, using the isomorphism 
Ci ~ U{1) (here Ci are the complex numbers of unit norm). In this language, 
the evolution is described by dla/dt = 0, dga/dt = ja, constant elements of 
the Lie algebra u{l); indeed, as well known, the isomorphism 5^ ~ Ci 2± U{1) 
identifies the Lie algebra of U{1) with imaginary numbers. 

As discussed below, a 4n-dimensional hyperhamiltonian integrable system 
can be described by real (spin) coordinates {laiga), where g^ ^ G = SU{2). 
Its evolution is accordingly described by dla/dt = 0, dga/dt = ja, constant 
elements of the Lie algebra su{2). 

As well known, an integrable hamiltonian systcm in a 2m dimcnsional phase 
space M is associated to a hbration of M in tori T™ . In the case of integrable 
hyperhamiltonian systems in a 4fc dimensional phase space, we will not have a 
fibration in tori T^*"' = S^ x ... x S^ = U{1) x ... x U{1), but rather in manifolds 

= 53 X ... X 5*3 = SU{2) X ... X SU{2). 

Acknowledgements. 
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discussions at various stages of this work, and the referees for useful suggestions 
and remarks. 

1 Quaternionic symplectic structures. 

In this section we recall the basic geometric dctinitions to be used in the lollow- 
ing. These will mainly concern hyperkahler and quaternionic geomctry; for a 
short introductions to these the reader is referred to & |l^ , while more details 
on these are provided e.g. by 0, 0, ||, [l2[ ^ |3j. Symplectic geometry 

is discussed e.g. in [l^, gj]; for hamiltonian mechanics see e.g. [|l|, 

We preliminarly recall that if M is a 2to dimensional manifold equipped with 
a (riemannian) metric a complex structure on M is a (1, 1) type tensor held 
Y such that = — / which is covariant constant; a symplectic form uj on M is 
a non-degenerate and closed two-form. Then lo{v^w) can be written s& g{v^ Jw) 
for some (l,l)-type antisymmetric tensor field on M. If this J is orthogonal 
for g, we say that uj is compatible with thc mctric (or bricAy (7-compatible) , or 
equivalently that uj is unimodular. If this is the case, then (l/m!)a;A... AtJ = sVL, 
with s = ±1 and 51 the volume form on M . We say accordingly that unimodular 
symplectic forms are of positive or negative type. 

We also recall that M is a Kahler manijold if it is equipped with a metric g, 
a complex structure Y and a symplectic form lo, satistying the Kahler relation 
ijj{v,w) := g{v,Yw), or equivalently g{v,w) = uj{Yv,w). 

In local coordinates, if i^j (a;) describes the complex structure, the associ- 
ated symplectic form is given by w = {l/2)Kij{x)dx^ A dx^ with Kij{x) = 
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g„n{x)YJix). 

We can pass to consider hyperkahler manifolds. Now - and always in the 
foUowing - M will be a smooth 4n dimensional real manifold endowed with 
a riemannian metric and e will denote the completely antisymmetric (Levi- 
Civita) symbol. 

Definition 1. A hypercomplex structure on AI is an ordered triple Y = 
(Yi, Y^jYs) of complex structures on M satisfying YaYp = £„^^1^ — Sa^sl- If the 
Ya are orthogonal complex structures on {M,g), we say that Y is orthogonal. 

Remark 1. The Ya making up a hypercomplex structure satisfy the quater- 
nionic relations. In Lie algebraic tcrms, the Y^ — {l/2)Ya, which satisiy 
[yQ,y^] = e^^^Ky, realize the su{2) algebra. 

Definition 2. A hyperkahler structure on M is a guadruple (5,^1,^2,^3) 
where: g is a metric on M ; the Y^ are an orthogonal hypercomplex structure 
(M, g); and the two-forms uja defined by the complex structures Y^ via the Kahler 
relation are closed and nondegenerate on M . 

Notice that the forms LOa are theretore (independent) symplectic forms on M. 
As dealing with differential forms is equivalent to - but rather more convenient 
in practice - than dealing with (1, 1) tensor fields, we will generally hnd more 
convenient to focus on these. 

Definition 3. A hypersymplectic structure O = {a;i,W2,W3} on the rieman- 
nian manifold {M, g) is an ordered triple of g-compatible symplectic structures 
on M , such that the complex structures Ya defined by the Ua via the Kahler 
relation are a hypercomplex structure on M . 

If O is a hypersymplectic structure on {M,g), the linear span (with real 
coefficients) of the uja is the real linear space Q := '^a^jJa} C A^(M). This 
is called the guaternionic symplectic structure generated by the hypersymplectic 
structure O, and O is an admissible basis for Q Q. The unit sphere in Q (with 
the natural metric, see below) will be denoted as 5 (5 « S*^). 

Remark 2. The S detined above is related to the twistor space on M ^ 
|,|6[0||. 

The natural scalar product in Q (seen as a linear space) between qi = aaWa 
and q2 = ba^^a is ('^i,'?^) := o.aba- If we choose a local coordinates system, 
and we associate to qi the matrices Qi, this coincides with the natural scalar 
product in thc linear space Q generated by the complex stuctures {^0}, i.e. 
(Qi,Q2) := (4n)-iTr(QlQ2)- 

Lemma 1. Any nomero lu d Q is a symplectic structure on M. If uj G Q, 
then uj is unimodular ( and thus defines a Kahler structure in M ) if and only if 
ujeS. 

Proof. The first part is trivial. As for the sccond, ii uj = CaUJa <E Q, then uj 
yields the complex structure Y = CaYa, where the {Ya} are the hyperkahler 
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structurc (so that, in particular, {Ya,Yp} = —2Sai3 )• We have therefore Y^ = 
—Y^Y = —(J2a '^a)-^' ^^'l hcncc thc statcmcnt. A 

The three symplectic structures oja can be seen as associated to the imag- 
inary units of the quaternions; it is thus natural that if we operate a (pure 
imaginary) rotation in thc quatcrnions, wc obtain thrcc diffcrcnt symplcctic 
structures which still generate the same quaternionic structure. In other words, 
we can change the basis in Q preserving the quaternionic relations, i.e. passing 
to a different admissible basis. Notice that in this case the sphere <S C Q is 
inyariant. 

Definition 4. Two hypersymplectic structures {0,g) and {0,g) on M, span- 
ning the same guaternionic symplectic structure are said to be equivalent. 

Remark 3. More generally, consider a map ^ : M M and let be 

its pullback; if we considcr local coordinatc {.t*} on M, wc can writc oj = 
{l/2)Kij{x)dx' Adx^ ; then $*(w) = {1/2){A+ KA)^j{x)dx' A dx^ , where A = 
(D$) is the jacobian of Thus if A{x) G 0(4n, R), then is a morphism 
of hypcrkahlcr structurcs of {M,g); if A+QA = Q, thcn $* maps Q into itsclf 
(and necessarily preserves S), i.e. maps O to an equivalent hypersymplectic 
structure. © 

2 Equations of motion. 

In this section we deiine a class of equations of motion in a hyperkahler manifold; 
thcsc arc associated to the hyperkahler structure and deiine a Liouville dynamics 
on the manitold. 

Let us consider a hyperkahler manifold (M, gr, Fi, Y^, ^) of real dimension 

4n. This can bc cquivalcntly sccn as a hypcrsymplcctic manifold {M, g, uja) with 
LUa the symplectic forms associated to Y^ via g; in the toUowing we will refer to 
the hyperkahler structure even when we will focus on the symplectic aspect. The 
symbol s will havc valuc ±1, dcpcnding if wc arc considcring positive or negative 
type symplectic forms uja- We deiine, for ease of notation, (a = Wa A ... A Wa 
(with 2n — 1 factors). 

Any triplc of smooth fimctions Tt" : M ^ H {a = 1,2,3), deiines a vector 
field X : M ^ TM by the equations of motion 



Wc call this the hyperhamiltonian vector field on (M, g, O) associated to the 
triple Ti". 

We stress that the vector iield X is uniqucly dchncd by this. Also note 
that, for any a, onc gets uja /\ ... A LUa = [{2n)\]sfl (thc tUa involvcd in the 
wedge product are 2n). Using this relation, the equations of motion can also be 




(1) 
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rewritten as 

3 3 
X J 5^ a;„ A Ca = (6sn) ^ Ca • 

ct— 1 a— 1 

Lemma 2. Eguation (1) dejines a Liouville vector jield on M, i.e. = 0. 

Proof. By the general deĔnition of Lie derivative, Cx{^) = d{X + 
X _\{dfl), and obyiously dfl = 0. If X satisSes (1) we have therefore £x{^) = 
d(dW* A Ca), which is zero since the forms Ca are closed. A 

Lemma 3. The vector field X defined by (1) can be rewritten as X = Xi + 
^2 + X3, where Xa satisfies Xa—\u^a = dW" for a = 1, 2, 3. 

Proof. It is immediate to check that X = Xa with Xo, dctincd as above 
yields a solution to (1). As X is uniquely dehned by (1), this proves the state- 
ment. A 

Remark 4. It follows from thcsc that if uja = (l/^^i^l^-^da;* Ada;^ , thcn thc hy- 
perkahler vector field (1) can be written as X = f^di where /* = J2a 

© 

Remark 5. If we havc a hypcrkahlcr manifold {M,g) and an hamiltonian 
vector field X (with rcspcct to a symplcctic structure ui being part of a hy- 
persymplcctic structurc O). this can olwiously bc sccn as a hypcrhamiltonian 
vcctor ficld just by choosing two of thc 7i" to bc constant. Onc coidd wondcr 
if all thc hyperhamiltonian vector fields on M can be hamiltonian by a suitable 
choice of a symplcctic structure; this is not the case even in thc simplcst sctting 
(M = R''), as wc show by explicit example in lemma 5 (see section 6). © 

The hyperhamiltonian vector field in M induces a vector field (which we also 
call hyperhamiltonian) in extended phase space, i.e. in M x R, where the R 
space has coordinate t (and represents thc timc) . 

If we introduce local coordinates {x^, . . . x*", i} in M x R, the dynamics in 
M X R will be describcd by a vcctor ficld Z = z°(a:, t)dt + z^{x, t)di (here and in 
the following we write di for d/dx'^, dt = d/dt). The equations of motion given 
above are equivalent to defining the vector field Z to he Z = dt + X, where 
obviously X is dehned by (1). 

Duc to the closeness of Wa, we can locally find one-forms such that 
uja = dua, and locally define forms y, •& in A(*"~^^(M x R) given by 

3 3 

V=$^(T„ACa , 1? = ^+ (6sn) ^ Ca A di . (2) 

a— 1 a=l 

Note, for later usc, that thc (4n)-form di? is nonsingular, and that dip is pro- 
portional to thc volume form f7. 

Whcn oja is exact (in particular if M has vanishing sccond cohomology group, 
e.g. for M = R"'"), the Ga and related forms are globally defined. In order to 
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avoid repeating too frcqucntly that thc considerations to be presented are local, 
we will assunic from now on that thc LUa arc cxact. 

Theorem 1. Let M be a hyperkahler manifold, and let "H" : M ^ R (a = 
1,2,3) be assigned smooth Junctions; let ĕ be the form defined by (2). Then the 
equations of motion (1) are equivalent to 

Z_iM = , Z_\dt = 1 (3) 

where Z is a uector field on M x R. 

Proof. Thc cquation Z _idt — 1 means that we can writc Z in the form 
Z = dt + Y; the other equation Z _l di? = yields then, with simple algebra and 
separating forms with and without a dt factor, two equations: 

3 3 3 

F_l ^ A Ca = (6sn) ^ Ca and F-l ^W" A Ca = . 

Q = l Q = l Q = l 

The second of these is a trivial consequence of the first one; but the first is just 
(1). Thus, as (1) umquely determines X, we have Y = X. A 

3 Conservation laws and Poisson-like brackets 

For the class of systems detined above we have a natural conserved (4n — l)-form 
©, canonically associated to the triple {H^,T-P,H^} and deiined as 

3 

e := ^dH"ACa . (4) 

a=l 

Theorem 2. Let {M,g,uia) be a hyperkahler manifold, {H"} be any triple of 
functions H°' : M ^ TL, X be the hyperhamiltonian flow defined by (1), and 9 
defined by (4). Then Cx{Q) = 0. 

Proof. Thc form O is closed, hence Cx{Q) = d(X_lO); the explicit expression 

of O and the equations of motion (1) give 

{X_\Q) = (2n-l)! [X_\{X_\n)] , 

which is identically zero since we are contracting twice an alternating form with 
the same vector. A 

Notice that (4n — 1) forms x on M are canonically associated to vector tields 
F on M via F_irj = x; wc writc Y = F{x) = Y^. There is a natural opcration 
{.,.} : ^(^"-^^(M^kA^'*"-!)^^) A(4»-i)(M),definedasfollows. Givenforms 
X, G A(*"~^)(M), we consider the associated vector tields Y^,Yq,; take the 
commutator Yp := [K^,Y^]. This dehnes an associated form T G A(^"-^)(M), 
and we dehne {%, ^} to be just T. In other words, 

{X,*} := F-'{[F{x),F{n) . (5) 
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We stress that with this notation, Q = F{X) with X the hyperhamiltonian 
vector field. Note also that if we have two conserved (4n — l)-forms &i, we 
can generate another (possibly not independent from these, or zero) conserved 
form {61,62}- In this respect, {., .} is reminiscent of the Poisson brackets of 
standard Hamiltonian mechanics; however we have to remark that the situation 
differs substantially from the standard Poisson brackets, because to dehne our 
brackets we don't use the hyperkahler structure of the manifold, but only the 
isomorphism between vector hclds and (4n — l)-forms induced by the volume 
form on AI. 

4 Yariational formulation 

In this section we will lormulate a local variational principle related to the 
hyperhamiltonian equations of motion introduced in section 2. 

In order to state in a geometrical framework our principle, we need to con- 
sider a local fiber bundle structure on the hyperkahler manifold M. This local 
tibration allows to describe a particular class of variations ("vertical" with re- 
spect to the tibration, as we precise in a moment) that generalize isochronous 
variations considered in the variational principle for standard hamiltonian me- 
chanics. 

Let us consider a hyperkahler manifold (M, g, uja) of real dimension 4n, and 
a triple {7i"} of hamiltonian functions; we will consider the cxtcnded phase 
space M X R, which we see as a trivial hber bundle t : M x R ^ R. 

In order to properly set the local variational problem in a chart Afj of M, 
we will need to consider a double fibration 

Mi xR Bi ^ R. 

where the base manifold Bi of the fiber bundle tt^ : M^ x R 5; is a manifold 
of dimension (4?i — 1), fibered itsell over R with projection r^. We also require, 
obviously, that o Tr^ = t on M^ x R. 

For ease of notation, we will from now on just write M for M^ and B for 
Bi, i.e. use a "global" notation. We stress that the double tibration considered 
here is not a general global construction associated to the geometrical structure 
of an hyperkahler manifold; anyway, this double fibration can be considered 
locally in Mi for a generic hyperkahler manifold M, and the choice of the local 
base manifold Bi is widely arbitrary. Note that in the simple but relevant case 
M = R^" the double fibration exists globally. 

We denote the sets of sections of the bundles introduced above, respectively, 
by r(7r) and r(r); and similarly for T{t). We denote by V(7r) the set of vertical 
vector helds for the fibration tt : M x II ^ B. 

For V e V(7r), we denote by ^/i^ : A/ x R ^ Af x R the flow generated by 
V. We want to consider variations of sectiontj^ $ G r(7r) under the action of 
y e V(7r) [g||g. 

^Should tho reader be misled by our "global" notation, we note these are actually local 
sections g r(7ri), i.e. : Mi ^ Mi X R. 
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Deiinition 5. Let $ S r(7r). The variation o/$ under the vertical vector jield 
V is the section ips{^) := ips ° ^ G r(7r). 

Remark 6. The nature of the double hbration M x R— ^R, where 
T o TT = t, ensures that vertical vector helds V € V cannot have components 
along dt; that is, we are actually considering isochronous variations. We also 
recall that, in order to consider variation of the section we don't need a 
vertical vector held V dehncd on all M x R, but just a vertical vector held 
defined along 

The main object to be considered is the (4n — l)-form d on Mx R, defined by 
(2). We recall that := J2a=i ['^a ^ Ca + {6ns)H°' C,a A dt], where da^ = uja- 

Let us consider a compact (4n— 1) dimensional submanifold with boundary 
C C B. We dehne a functional / : r(7r) R given by 



where $*(z9) denotes, as customary, the puUback of -d by 

In thc following we will consider only vertical vector helds V G V(7r) such 
that V vanish on TT^^{dC), where dC is the boundary of C. This is just the 
tamiliar condition of zero variation on the boundary of the integration region. 
We denote these as Vc(7r). 

Definition 6. A section $ G r(7r) is extrcmal for / if and only if 



wheneyer V G ^c^tt). In this case we write ((5/)($) = 0. 

Theorem 3a. A section $ e ^{t^) is extremal for I defined by (6) if and only 
if^*{V^dd) = for all V £ Vc(7r). 

Proof. This is a standard theorcm of variational analysis, see e.g. chapter XII 
of[||. A 

Remark 7. Note that V(7r) is two dimensional as a module over the algebra 
of smooth functions F : M x R ^ R. With Vi,V2 a. pair of generators for V{tt), 
the condition ^*{V^d-d) = VF € Vc(7r) can be written as 4>* {Vi _l di?) = 
= $* {V2 _l d^). This is independent of C. 

Sections $ which are extremal for / are related to the hyperhamiltonian 
vector held Z in that Z is the characteristic vector held for $, as discussed 
below. 

The relation between / and Z is better understood in the language of ideals 
of differential forms (some basic dehnitions used hcre are recalled in 

the appendix), which we will call just ideals for short. With this language, and 
recalling remark 7, theorem 3a above can be restated as toUows: 




(6) 
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Theorem 3b. Let Vi, V2 generate V{tt). A section $ £ r(7r) is extremal for I 
defined by (6) if and only if $ is an integral manifold of the ideal J generated 
by Vi _l M and Y^-idi). 

In view of this fact, we wih say that J is the ideal associated to the varia- 
tional principle 51 = Q. 

We can now discuss the relation between the vector field Z introduced in 
section 2 and the variational principle based on I. We will first establish a 
simple lemma and an immediate coroUary thereof. 

Lemma 4. Let a be a nomero N-form in the {N + l)-dimensional mani- 
fold M. Let X,Vi,V2 be three independent and nomero vector fields on M. 
Then Vi_l(X_la) = = V2_l(X_la) =0 implies (and is thus equivalent to) 
X _\a = Q. Moreover, the space of vector fields Y satisfying Y _\a = Q is a one 

dimensional module over K^{M). 

Proof. Choose local coordinates , ...,x^} in M; we can always take 

X = do,V\ = d\, V2 = 82- We write fl = da;'' A...Ada;^; then, in full generality, 
a = X]feLo Cfe(c^fe — lf^). Now 9i_|(9o_Iq;) = impHes Cj = for j 7^ 0, 1; and 
d2—i{do—\a) = implies cj = for j ^ 0,2. Imposing both equations yields 
a = co(9o_iO) = co(X_lO). This satishes, of course, X _la = 0; conversely 
y _la = implies Y = fX. /\ 

CoroUary. Let a,V\,V2 be as above. Then the ideal J generated by {^'i = 
(1^1 _l o;), ^"2 = (V2_la)} is nonsingular and admits a one-dimensional charac- 
teristic distribution D{J); this is giuen by uector fields satisfying X_la = 0. 

Proof. As *i, *2 are both N-1 forms, {X _i^j) e J is equivalent to X _l ^'j = 

0. Thus thc corollary is merely a restatement of lemma 4; noticc this implics 
that the space of vector fields satistying X _\a = has constant dimension, i.e. 
J is nonsingular. A 

Theorem 4. Let {M, g, Wa) be a hyperkahler manifold of real dimension An; 

let [H" : M R} be three smooth functions. Let •& be the (4n — l)-form de- 
fined by (2), and let J be the nonsingular ideal associated to the uariational 
principle defined by I. Then the characteristic distribution D{J) for J is one- 
dimensional and is generated by the hyperhamiltonian uector field Z defined by 
(3). 

Proof. Specialize lemma 4 and its corollary to the case a = d^d, and use 
theorem 1. A 

Remark 8. It tollows from this that the vector field Z is everywhere tangent to 
integral manifolds of J, i.e. to extremal sections for /. Moreover, by proposition 
Al (see the appendix), it also shows that the (4n — l)-dimensional extremal 
sections $ for / can be described by assigning their value on a suitable (4n — 2)- 
dimensional manifold and puUing them along integral curves of Z. © 



10 



5 Integral invariants. 

The Poincarc invariants (Poincarĕ form and Poincarĕ-Cartan integral invariant) 
play a ccntral rolc in thc canonical structure of Hamiltonian mcchanics. In hy- 
pcrliamiltonian mechanics, wc havc objccts cnjoying thc samc propcrtics; thcse 
turn out to be, respectively, the forms d and (p introduccd abovc, sec (2). 

Wc considcr as \isual a ditlcrcntiablc manifold M of dimcnsion 4n cquippcd 
with a hypcrsymplcctic structurc {uja}, and thc cxtcndcd phasc spacc M x R. 

Theorem 5. Let^ci be a closed and oriented (4n— 1) suhmanijold ojthe extended 
phase space M x R; let 7f be the manijold obtained by transporting 7 along the 
flow of the hyperhamiltonian vector field Z defined in (3). Then 

dt 4 

Proof. Lct Zt dcnotc the flow of Z. We have 

(9) 

where the last integral vanishes because Z _\d-d = and (by Stokes' theorem) 
because 70 is closed. A 

We consider the special case of the construction considered above (leading 
to thc Poincarĕ-Cartan invariant) in which the manifold 70 lie on a hyperplane 
at t constant. 

This gives the Poincarĕ relative invariant, that should also be reinterpreted 
as the conservation of the volume form under the hyperhamiltonian flow. 

Theorem 6. LetjQ be a closed and oriented (4n— 1) submanijold ofthe extended 
phase space M x R lying in the fiber over to of the fibration t : M x R ^ R. letjt 
be the manifold obtained by transporting 7 along the flow of the hyperhamiltonian 
vector field Z defined in (3). Then 

Proof. In this case dt = on 7^ and the integration of 1? on 7^ reduces to the 
intcgration of (p on the same manifold 7^. Therefore (8) means that the integral 
of (p over jt is constant, i.e. (10). A 

6 Hypersymplectic structures in R^. 
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(8) 



(10) 



6.1 Standaird structures 



After developing the gencral theory in abstract tcrms, it wiU be uschil to consider 
the simplest nontrivial example of hypersymplectic manifold. This is provided 
by M = with standard euclidean metric g^j {x) = 6ij . 

Despitc the fact this is just a (simplc) excrcise of linear algebra, we will 
explicitly write the hyperhamiltonian equations, and this for three reasons: (a) 
this is the simplest case in which our construction applies, and having a fully 
explicit cxample can only help our understanding; (b) the cxplicit tormulation of 
the equation of motion in the standard case will be useful in Section 7 when we 
discuss quaternionic oscillator; (c) discussion of this simple case will clarify some 
points which were not fully discussed above, referring instead to this explicit 
example. 

The latter were: first, the reason why we left the possibility that the orienta- 
tion of thc mctric and thc oricntation of thc symplcctic structurc disagrce; and 
second, we use the standard structure to give an explicit example of a hyper- 
hamiltonian vector field that is not hamiltonian, whatever symplectic structure 
we dctinc on Af, showing that the dynamic that we propose is a real extension 
of Hamiltonian dynamics. 

We use cartesian coordinates x' in R^, and the volume form will be ri = 
da;^ A dx^ A d^'^ A d.T^. Thc space A^(R^) is six dimcnsional, and is spanned by 



fii = dx^ A da;^ + da;^ A da;"' 
fi2 = dx^ A dx^ + da;^ A da;^ 
fi3 = dx^ A da;^ + dx^ A da;^ 



rji = dx^ A dx^ + da;^ A da;'' , 
ri2 = dx^ A da;^ + da;^ A da;^ , 
r]s = da;^ A da;^ + da;^ A da;^ . 



Note that the /z span the space A^(M) of self-dual forms, the r] span the space 
A^(M) of anti-sclf-dual forms. 

Note also that the Ha ^ IJ^a = Va /\Va = —^- We will refer to these as 
standard hypersymplectic structures of positive and negative type respectively. 
Wc also denote as Q± thc quatcrnionic structures spanned by these, and S± 
their unit spheres. Obviously we have A± (M) = Q± . 

We write two-forms on R^ as w = (l/2)(J)jmda;' A da;™, with J an anti- 
symmctric tensor. We write the tensors corresponding to the fj,a as K^, those 
corresponding to r]a as Ha (and their triples as K and H). 

Explicit expressions of these are as follows: 



1 On^ 

-10 

1 

-1 o/ 



K. 



1\ 

10 
0-100 

-1 o/ 



K. 



1 \ 

-1 

-10 

10 0/ 









1 














1 


-1 














-1 









'0 -V 
10 
0-100 

.10 



H, 






-1 








1 




















1 








-1 
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The coinplex structures are = g ^ Ja and in the present case of eucUdean 
metric we also write them as Ka and Ha (with a raised index). 

Remark 9. The K and H span su{2) algebras, which we denote as su{2)±; 
they correspond to the left and right spinor algebras (note indeed that reversing 
the orientation of space exchanges the K and H) . 

It is immediate to check that [Ka, Hp] = for all a, f3; actually, if we look for 
the centralizer of SU{2)± in GL(4, R), this is just SU{2)zfi. This corresponds to 
the well known relation so(4) ~ su{2)± © su(2)_, or equivalently to A^(Af) = 
Al{M)(BAl{M) = S+© Q_. 

In the case of the standard positive-type hypersymplectic structure in M = 
(R^, 6), the equations of motion will be simply 

Q — 1 

For the negative-type hypersymplectic structure the Ka are replaced by the Ha- 

Lemma 5. There are eguations of the form (11) which are not hamiltonian, 
whatever symplectic structure we define in M . 

Proof. To prove this, we use the toUowing result from sect.3 of Given 
a linear uector field X = ^x^di, if T^t{A^^^^) ^ for some fc G N, this is 
not hamiltonian with respect to any symplectic structure. Note that vanishing 
of Tr(A) corresponds to the condition of zero divergence, which is also satished 
by hyperhamiltonian flows. 

Thus we only have to exhibit an example where T^" = {l/2)D°jX^x^ (with 
symmetric matrices) and A := KaD" satisties Ti^A'^) ^ 0. This is 
obtained e.g. if = {l/2)[{x^)^ - {x^)^ + {x^)^ - {x*)^ + 2{x^x^ - a^^rE^)], 

= (l/2)|a;|2, and = 0. A 

We will now consider the standard hypersymplectic structures defined above, 
and derive explicit expressions for the associated hyperhamiltonian dynamics. 
We consider the positive-type hypersymplectic structure. 

It is immediate to check that, for any a = 1,2,3, 

Wq,AWq = 2 0. = 2 dx^ A da;^ A do;^ A da;'*. 

Obviously, with X = f^di, we have 

X_in = /1 da;2 A da;3 A da;4 - da;i A da;^ A da;'' -h 
+ /3 dx^ A dx^ A d^-* - /4 dx^ A da;^ A d^^ . 

The computation of dTi" A uja is also immediate, and we get 

ELi AuJa = {d-sH^ + diH^ - d^H^) dx^ A da;^ A d.T^ + 
+ {diH^ - d^n^ - diH^) dx^ A dx^ A da;-* + 
+ {diH^ - dsH^ + d^H^) dx^ A d^^ A da;" + 
+ {d^H^ + diH^ + daH^) da;^ A d^^ A da;" . 
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The cquations of motion are immediately obtained by comparing this and the 
previous expression; these are 



6.2 General structures 

Let us now consider a general hypersymplectic structure O; we denote a sym- 

plectic structurc by uj and a point in M = by x; let uj^ bc thc cvahiation of 
ijj'm.x^M. The two lemmas below show that O is always equivalent to one of 
the two structures considered above. 

Lemma 6. Ij uj^ is unimodular, it belongs either to S+ or to <S_ . 

Proof. Let Y be the complex structure associted to u. We work in coordinates, 
and write in full generality Y{x) — (a • K) + (b ■ H). Rcquiring lo to bc unimodu- 
lar, i.e. Y^^Y = I, we obtain two conditions: the vanishing of off-diagonal terms 
reads aab^ = Va, /3=1,2, 3, so that |a| • |b| = 0; setting diagonal terms equal 
to one (together with the previous condition) yields moreover |a|^ -|- |b|^ = 1. 



Lemma 7. A hypersymplectic structure in M = R'* is made either of positive 
type symplectic structures, or of negatiue type symplectic structures, but in no 
case by symplectic structures of the two kinds. 

Proof. A hypersymplectic structure corresponds to a su(2) algebra in the way 

discusscd abovc. As also mcntioncd abovc, thc spans of the K and of the H 
correspond to su{2)± algebras, but no su{2) algebra is generated by a mixture 
of matrices belonging to su{2)± and su{2)_ algebras. A 

6.3 Extension to 4n dimensions 

We stress that the standard structures are immediately extended to structurcs 
in higher dimcnsion. In the casc AI = R^" (with cuclidean mctric), take block 
reducible structures. By this wc mcan that uja = (l/2)(jQ,)imda;* A da;™, and 
the Ya = g~^Ja generate a representation of the su{2) algebra in R**", which is 
the direct sum of irrcducible representations on four-dimensional subspaces. 

In this case the matrices acting on each four dimensional block will be either 
K or H. We thus have, in block notation, = ®...®L*" , where Sk = ±, and 
Lq^'' = Ka, La "* = Ha (noticc that wc could get equivalent hypersymplcctic 
structures by orthogonal changes of variables on each R^ block). The analysis 
conducted in R^ does apply on each block. 



< 




{dn^/dx^) + {dHydx^) + {dnydx^) 
-{dn^/dx^) + {dnydx^) - {dnydx'^) 
{dn^/dx^) - {dn^/dx^) - {dn^^/d^^) 
-{dn^/dx^) - {dn^/dx^) + {dn^/dx'^) 



A 
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7 Quaternionic oscillators. 



Thcre is no need to stress the relevance and ubiquitous role of (harmonic and 
nonlincar) oscillators in standard liamiltonian mechanics; wc "want to discuss 
hcrc the hypcrhamiltonian oscillators, with a view at the problem of integrable 
hypcrhamiltonian systems (we assume the reader is familiar with hamiltonian 
integrable systems). 

Our intuitive understanding of hyperhamiltonian integrable systems will be 
that of systems which can be mapped to a system of hyperhamiltonian oscilla- 
tors. 

We will consider systems in M = R^" (with standard euclidcan metric), 
and standard (say positive type) hypersymplectic structure; as thc hyperkahler 
structure induces in this case a quaternionic structure, we will speak of quater- 
nionic oscillators. 

We will consider nontrivial systems with compact invariant manifolds, and 
start by discussing the case n = 1. 

7.1 The stand^ird four dimensional case. 

The simplest nontrivial case of hyperhamiltonian dynamics is the one where 
we havc quadratic hamiltonians i.e. Tl"(x) = {1/2)cq,\x\'^ , with c„ rcal 
constants; in this case we get x* = CaK"jX^ , which is easily integrated (see the 
more general discussion below). 

Lct us actually writc p = (l/2)|.Tp, and consider the class of nonlincar sys- 
tems where TC^^^) = 7i"{p), i.e. assume the are arbitrary smooth functions 
of p. We call these guaternionic oscillators. 

In this casc, writc = d7Y"/dp; we have YW" = ^"(/9)a;, and the equations 
of motion (1) read simply (see section 6) 

3 

x' = Y. Aa{p){Ka)'jX^ . (9) 
«=1 

Notice that dp/dt = Y^a=\ ^"(p) [x^{Ka)ijX^\ = 0; the last equality follows 
from Ka = —K/^. Thereforc p (and hcncc \x{t)\) is a constant of motion under 
any hyperhamiltonian Aow for hamiltonians which are functions of p alone. 

As p{t) = po, we can on any trajectory rewrite (9) as 

X' =Y,<^°a {KaYj^' = MKaYj^' , (10) 
a 

where = Aa{po), and 

:= ^(c?)2 + (c0)2 + (c0)2 , K'. = cl{Kaf^ . 

a=l 
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The solution to (10) is obviously x{t) — exp[Ki/Qt]x{0); expanding this in a 
power series in t and using = — /, we obtain immediately 



x{t) 



[cos^i^ot) I + sin^i^ot^K] x{0) . 



(11) 



This represents a uniform motion on a great circle - identihed by the vectors 
Xo = x{0) and Xi = Kx{0) - of the sphere 5*^ of radius = |a;(0)|. The 
frequency i^o of such motions wiU be the same for motions on the same sphere: 
it depends only on the radius (note the c° also depend on ro). 

Therefore any sphere 5*^ of radius ro ^ is covered by periodic circular 
motions, unless ^'^(''o) = 0, aU of them with the same period Tg = 2t:/i>q; in 
this way the hyperhamiltonian flow (9) partitions into equivalence classes 
(the dynamical orbits) and thus realizes a Hopf iibration S^/S^ = S^ of the 
three-sphere ]ll| . 

7.2 The (4n)-dimensional case. 

Let us pass to consider M = R^", again with standard euclidean metric; we will 
use cartesian coordinates We also define block variables {^i, 

with £ corresponding to x coordinates in the p-th block, = a;4(p-i)+i 
(where i = l, 4 and p= l, ■■■,n); we also write pp = (l/2)|^pp. 

We will consider the case where R''" is equipped with a standard block 
reducible hypersymplectic structure (see section 6), Jq = © ... © L^". We 
have L+ = Ka, L~ = Hc^ 

We will now assume the hamiltonians depend only on the pp (we say we have 
a quaternionic n-oscillator): 



we write the jacobian of the 7i with respect to the p variables a.s := dH^/dpp. 
In this case the equations of motion are (sum on repeated greek and latin indices 
will be implied, except for the block index p) 



where the last equality follows from the antisymmetry of the La'' . 

Hence the matrices are constant under the flow. If we are given an initial 
datum a;(0), and thus the value of the constants of motion {pi = bi, pn = 6„), 
we can write 



H"(a;) 



W"(pi, ...,pn) ; 



{Jay^dk-H' 



and can be written as (no sum on p) 




3 



(16) 



Q=l 
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where c^p^ = A^{bi, 6„), and 

- ^/K))' + K)^' + K))' ' kp) = iy-p)T.W ■ 

a 

That is, on each block we have the same situation discussed in subsection 1; 
notice that the frequencies i/p depend not only on the value bp of pp, but also 
on the values bq of the other variables pq {p ^ q)- 

8 Discussion: the relation between hyperhamil- 
tonian and standard hamiltonian integrabiUty. 

We would like to discuss the relation between hyperhamiltonian integrability 
and standard hamiltonian integrability for the class of systems considered here. 

8.1 Dimension four. 

Let us hrst of all locus on the case given by = |a;|^/2, — = 0; this 
corresponds to two uncoupled and identical harmonic oscillators with conserved 
energies = {l/2)[{x^)^ + {x^)^] and Eb = {l/2)[{x^)^ + {x^)^]. 

The solutions of nonzero energy E = Ea + Eb = r\/2 describe a circle 
lying on thc sphere of radius ro. When E^ and E\, are both nonzero (i.e. 
both oscillators are actually excited) these also lie on a torus C S'^, and the 
circle 5*^ corresponding to the solution is a combination of thc two fundamental 
cycles of the torus. 

The cases i?a = 0, -Eb ^ and E^ 7^ 0, i?6 = correspond to degenerate 
situations in which the common level set of E^ and E\, is not a torus , but is 
reduced to a circle T^ = S'^ , which is just the trajectory of the solution. 

It should be recalled that the Hopf S^ hbration can indeed be described as 
a singular hbration of S^ in T^ tori, with two singular hbers, which correspond 
to the special cases in which all the energy is on one oscillator and thc other is 
not excited; thus these two ways (hyperhamiltonian and standard hamiltonian) 
of describing thc situation are immediately related, as it should be. 

Let us now come back to the general (nonlinear) integrable case described 
by (9), whose solutions are given by (11); on each S^ sphere of radius ^ 0, i.e. 
on each nonzero level manifold|^ for the energy E = p we can indeed reduce to a 
two-oscillators description; see (9) and (10) above. Such a system is integrable 
in the Arnold-Liouville sense, since the set on which the hbration in tori is 
singular is of zero measure in the phase space. 

However, it should be noticed that in considering this system as an integrable 
two-oscillator system, we are completely overlooking the quaternionic structure 
of the system and of the whole class to which it belongs. Also, this system is 

■^ln this case we can speak of energy level manitolds as tlie tliree hamiltonians depend on 
a single scalar function p. 
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strongly degcncratc if sccn in tcrms of two oscillators: indccd thc two oscillators 
are in 1:1 resonance for all values of if, i.e. all values of the action variables /i = 
Ea and I2 = Eb- Such a degeneration is of course enforced by the quaternionic 
structurc. and thus gcncric in thc framc of "quatcrnionic oscillators" . 

On the other hand, if we recognize the quaternionic structure and the fact 
that we need therefore only the global constant of motion p to guarantee inte- 
grability (scc thc abovc discussion, and thc rcmarks bclow in this scction), we 
have at once a much stronger information on the structure of the system and 
also need an easier construction to guarantee integrability. 

Thc situation is similar to thc onc mct whcn wc rcprcscnt a quatcrnion by 
a pair of complex numbers (or a complex number by a pair of real ones): this 
is possible and correct, but in this way we are overlooking an additional and 
rclcvant structurc, which we must then introduce by suitable relations between 
complex (or real) quantities. 

Thus, in order to guarantee integrability in the sense of standard hamilto- 
nian mcchanics we nced two constants of motion and wc havc to construct a 
system of two action and two angle coordinates; using the quaternionic struc- 
ture we only need one constant of motion, i.e. p, and we have to construct a 
system of coordinatcs in which to thc "action" coordinatc p arc associatcd three 
"angle-like" coordinates. By "angle-like" we mean coordinates on the sphere 

which can be seen as a generalization, from ~ to S^ of the angular 
coordinatcs of standard hamiltonian mcchanics; as S^ ~ H-*- ~ SU{2) (hcrc H 
is the quaternion held and H-*- the set of quaternions of unit norm), these are 
of quaternionic nature. We call them spin coordinates. 

Notice that thc cvolutions along spin coordinatcs do not commiitc; thus the 
equivalent of the familiar integrable hamiltonian evolution equations Ik = 0, 
<^fc = ^k{I), related to the abelian group T^, is now given by (9), (10) or, more 
intrinsically, by / = (J = p), "0 = a{I), whcrc tp rcprcscnts coordinates on 
the group SU{2) ~ S^, and a{T) G su{2) is an element of the algebra su{2), 
constant on each level set oi I = p. This more involved (and not separable) 
structure is unavoidable, due to the non-abelian nature of SU{2). 

8.2 Higher dimension. 

In the standard hamiltonian integrable case with m degrees of freedom, i.e. for 
m hamiltonian oscillators (say all of thcm excited) we have invariant T"* tori, 
and the solutions will cover densely T*^ C T™ tori, with k < m depending on 
the rational relations between the frequencies of different degrees of freedom 
on the givcn T™; in the hyperhamiltonian integrable case (for n quaternionic 
oscillators) we have a similar situation, as we now discuss. 

First of all we remark that, since p = {pi, p„) are constants of motion, the 
common level sets of the pp are invariant manitolds under the dynamics we are 
considering; these level sets p~^{bi, 6„) will be, when all the bp are nonzero, 
manifolds 

S^ X ... X 5^ = V" ; 
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noticc that thcsc V" rcprcscnt a gcncrahzation of tori: in thc samc way as T" is 
the topological product of n (distinct) factors, V" is the topological product 
of n (distinct) factors. If k out of the n numbers bp are zero, the level set 
p^^{bi, bn) wiU bc a V"^'^ manifold. 

We will denote the trajectory with initial datum x(0) as 7 C R'*". The 
previous discussion shows that the projection of 7 to each block, given by 
^(p)(t), will bc pcriodic. 

If all the frequencies {vi, ...,Vn} are rational with respect to each other, the 
full solution in R^" will also be periodic, i.e. 7 w 5^; if m degrees of freedom 
arc cxcitcd (i.c. thcrc arc m nonzcro 6p's), this 7 will also be a submanifold of 
the invariant manifold V™ = p~^(6i, 6„). 

If m degrees of freedom are excited and the frequencies corresponding to 
6p split in fc < m scts, cach Vp bcing rational with rcspcct to frcqncncics 
in the same set and irrational with respect to frequencies in different sets, the 
solutions 7 will densely cover T'^ tori. 

Thcse T'^ will be submanitolds of Y"*, and wc can always choosc thc gen- 
erators S^ of T*^ so that each generator lies in a different generator S^ of V"*. 
Indeed each generator of T*^ will be a linear combinations of the projections 
of 7 to thc blocks corrcsponding to cach rational subsct of frcqucncics; we can 
choose it to be just a single projection and thus to be in a S^ factor of Y™. 

9 Final remarks 

In this final section we brieAy present some additional remarks to put our work 
into perspective and mention directions of future developement. We thank an 
unknown referee for raising the problem discussed in point 4 below. 

(1) First of all, it should bc strcsscd that here wc wcrc mostly interested in 
the local structure of this hyperhamiltonian dynamics, and we have not consid- 
ered problems arising from the global structure of the hyperkahler manifold M 
on which it is dchncd. Locally, any such M is isomorphic to R''", so that we 
could have limited to consider these spaces (as in sections 6-8). 

However, as in the standard hamiltonian case, most of our construction will 
extend to more general hypcrhamiltonian manifolds, so that in our gencral dis- 
cussion (sections 1-5) we preferred to deal with a generic hyperkahler manifold, 
pointing out where our discussion requires to work chart by chart. 

Pocusing on local propertics mcans, of course, that we arc not conccrncd 
with the geometrically most interesting recent results on hyperkahler manifolds 
and their global structure (which is also relevant in connection with Physics); 
see the references given in the introduction, and in particular ??, for an overview 
of these. 

A /ortiori we are not providing any new insight into hyperkahler geometry 
nor are we providing any new nontrivial hypcrkahler manifold. We actually 
needed only the very basic dehnitions of hyperkahler geometry; we supposed 
that a hyperkahler manifold M is given, and we dehned a dynamics on M 
related to the choice of three hamiltonian functions. 
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(2) We should also notice that no attempts to generaHze hamiltonian dy- 
namics in the direction proposed here seems to be present in the rapidly grow- 
ing Uterature on hyperkahler manifolds (mostly devoted to their geometry and 
construction of nontrivial examples) . A somehow orthogonal approach to a hy- 
perkahler generalization of the structure of standard hamiltonian mechanics, 
focusing on Poisson structures, was suggested by Xu p6[ . 

(3) We also mention that in field theory considerations of multiple symplec- 
tic structures is suggested by covariance requirements and lies at the basis of 
the de Donder - Weyl formalism, as discussed in detail in ||2^, who call this 
"multisymplectic held theory"; however our approach (limited to mechanics) 
seems - at least at the present stage - not related to this theory. 

(4) As mentioned in the introduction, a most important result in hyperkahler 
geometry concerns the construction of nontrivial hyperkahler manifolds via a 
moment map procedure starting from a (possibly trivial) hyperkahler manifold 
equipped with a Lie group action It is natural to ask what happens 
when a (covariant) hyperhamiltonian dynamics is defined on the hrst manifold, 
i.e. how the dynamics descends to the quotient. 

Let (M, g; coa) be a hyperkahler manifold of dimension m. Assume that there 
is a compact Lie group G (we denote by Q the Lie algebra of G and by G* its 
dual) acting freely on M and preserving its metric g and the three forms uia 
(thus acting triholomorphically) ; this dehnes three moment maps fia '■ M Q* , 
or a map ^ : M ^ Q* R^. It is known |^ that the quoticnt metric on 
N ~ ^^^(0)/G is hyperkahler. We denote by /3« the reduction of a>Q on N. 

Let be three G-in^ariant smooth functions : M — > R, 7i"(a;) = 
7i"(gx) for all g G G and x G M, and X be the hyperhamiltonian vector held 
on M corresponding to these; we recall that X is given by X = Xa with 
Xa identihed by Xa —\uJa= d7i" (no sum on a). 

IIowever, each Xa is a hamiltonian vector held, generated by the hamiltonian 
T^", with respect to the symplectic structure Wq. Thus, each Xa descends to 
a hamiltonian vector held Wa on N, by standard symplectic reduction. In 
other words, for each a there is a smooth function /C" : ^ R such that 
Wa—iPa = d/C" (no sum on a). This shows at oncc that X descends to a 
hyperhamiltonian vector held W = J^a "-"'^ ^^'^ hyperkahler quotient A^. 

(5) Physically, one should consider generalizations of the present approach 
in at least two directions: on the one hand, one would like to consider pseu- 
doriemannian rather than riemannian manifolds; and on the other hand one 
should consider quantum version of the theory. It appears that both of these 
are teasible, and we will report on these matters in a separate note. 

(6) Pinally, we would like to point out that the dynamics introduced here 
can be obtained in a completely different and quite interesting way. One can 
look at standard Hamilton equations in terms of complex analysis, and extend 
them from the complex to the quaternionic case; one obtains then exactly the 
equations introduced here, as discussed in [ p9| . 
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Appendix. Ideals of difFerential forms. 



In our discussion of the variational tormulation of the hyperhaniihonian equa- 
tions of motion, we used some concepts from the theory of ideals of differential 
forms (here called just ideals, for short). This is maybe less widely known 
that the other tools used in the paper, so we collect here some definitions for 
convenience of the reader; see ^ or Q for turther detail. 

Definition Al. Let M be a smooth N -dimensional manijold, and Jk C K^{M\ 
for k — 0,...,N. The suhset J = lJfc=o ^ A(M) is said to be an ideal of 
differential forms iff: (i) 7] e J, ^ G A(Af), ^ rj e J; (ii) /3i,^2 e Jk, 
/i,/2eA"(Af), ^/i/3i+/2/32e Jfc. 

Definition A2. Let i : S ^ M be a smooth submanijold of M; S is said to be 
an integral manifold o/ the ideal J iff i*{r]) = for all rj ^ J . 

The ideal J is said to be generated by the forms {77^"^ a = 1, ...,r} (with 
g if each ip ^ J can be written as (yS = pi^a) A 77^"-' for a suitable 
choice of p^a) & A(M), a = l,...,r. If J is generated by {77^"^ a = l,...,r}, 
then i : 5* ^ Af is an integral manilold for J iff i*{r]'^"'>) = for all a = 1, r. 

Given an ideal J, we associate to any point x € M the subspace D^iJ) C 
T,M defined by D,{J) := e T,M : ^_ij, C JJ. 

Definition A3. If D^i J) has constant dimension, the ideal J is said to be 
non singular, and the distribution D{J) = {Dx{J), x € M} is its characteristic 
distribution; any vector field X e D{J) is said to be a characteristic field for 
J. 

The following proposition is easy to prove (e.g. using the local coordinates 
introduced in section 44 of |l5|, or directly from dehnitions above) and is used 
in remark 8. 

Proposition Al. Let J be generated by forms of degree k, and let i : S —>■ M be 
an r-dimensional integral manifold of J, with r < k. Let X be a characteristic 
uector field for J , and let X be nowhere tangent to i{S). Let ipt be the local 
one-parameter group of diffeomorphisms generated by X. Then the {r + 1)- 
dimensional manifold (— e,e) S 3 {t,x) ^-^ 'Pt^^) G M is an integral manifold 
ofJ. 
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